Controlled Topology Invariants of Translation Actions

Nic Koban

Abstract

We develop invariants Q" of a translation action of a group on R™ analogous to
the Bieri-Neumann-Strebel-Renz invariants 3”. The invariants X" were defined to be
the set of “directions” e € J,,R™ such that a suitable universal G-space is (n — 1)-
connected over the half-spaces defined by e. We replace half-spaces by topologically
more natural neighborhoods of e to obtain the new invariants Q™. The invariants ™
and Q" are related as follows: e € Q" if and only if every ¢’ in an open F-neighborhood
of e lies in X".
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1 Introduction

In this paper we develop new geometric invariants of a translation action p of a group G
on R™. These are analogs of the Bieri-Neumann-Strebel-Renz (BNSR) invariants ¥"(p)
introduced in [3] for n = 1 and in [4] for n > 2. For n > 1, the set ¥"(p) is a subset of the
“(m—1)-sphere at infinity” of R™, denoted 0,,R™ (ie the set of asymptotic equivalence classes
of geodesic rays in R™). The description of ¥"(p) involves half-spaces of R™ perpendicular
to the direction e € 0,,R™ as explained below. These half-spaces could be thought of as
horoball neighborhoods of e. In controlled topology it is more natural to consider “ordinary”
neighborhoods of e (in the topological m-ball R™ U0, R™). This leads to a natural question:
how does the description involving half-spaces compare to the description involving ordinary
neighborhoods? In this paper we introduce new invariants "(p) having the same relation
to ordinary neighborhoods of e as 3"(p) has to horoball neighborhoods, and we describe the
relationship between Q" (p) and X"(p).

1.1 The BNSR invariants >."

Let n be a non-negative integer, let G be a group of type F,,, and let p : G — Transl(R™)
be a cocompact action of G on R™ by translations’. There are two competing notions of
neighborhood of e € 9, R™ in R™:

!Denote by Transl(R™) the group of translations of R™. For g € G and a € R™, by ga we mean p(g)(a).



1. ordinary neighborhoods of e in the compact space R™ U 0,,R™ (intersected with R™).

2. half-spaces of R™ perpendicular to the direction e.

In [1], Bieri and Geoghegan defined the idea of p being controlled (n — 1)-connected (or
CC™ ') in the direction e using notion (2) of neighborhoods. Here we recall the definition
for n = 1; we give the full definition in § 2.1.

Let (-, -) denote the Euclidean inner product, and for each e € 9, ,R™, define . : R™ — R
by fB.(a) := (a,u.), where u, is the unit vector pointing in the direction e. For s € R, let
H., = 3;%([s,)); H. is a closed half-space whose boundary is orthogonal to e. Let T
be the Cayley graph of G with respect to a chosen finite generating set. Choose a G-map
h : T — R™ (for example, define h(g) = p(g)(0) for all vertices g € G and extend linearly
on all edges). Denote by I ; the largest subgraph of I' contained in h~'(H, ). Say that p is
CC" in the direction e if for each s € R, there exists A(s) > 0 such that every u,v € T, s can
be joined by a path in I'; s_y) and s — A(s) — oo as s — oo. The Bieri-Neumann-Strebel
invariant of p is X'(p) := {e € 0,R™|p is CC? in the direction e}.

There is a generalization for n > 2, the Bieri-Renz invariant of p defined as ¥"(p) :=
{e € D .,R™|p is CC™ ! in the direction e}. We refer to all of these together as the BNSR
wmvariants.

Some of the known theorems involving ¥"(p) are:

Theorem 1.1 (/3] for n =1, [4] for n > 2) If p has discrete orbits, then the following are
equivalent:

1. pis CC™ 1 in all directions e € O, R™.
2. for each a € R™, the stabilizer G, has type F,.

3. the kernel of the action p is type F,.

Theorem 1.2 (/3] for n =1, [4] for n > 2) The set ¥"(p) is an open subset of O R™.

1.2 The origins of "

Originally, ¥ was an invariant of a group G. It is described in [2], and we recall that
description. Let p be the canonical G-action on the real vector space W := G/G’ @z R. The
vector space W has a natural base point 0. Denote by 0,,W the set of rays starting at 0.
The set 0,,W is a sphere of dimension (dimW') — 1. Choose an inner product (-,-) for W.
Then X"(G) := X" (p).

1.3 The invariant 2"

From the point of view of topology, it is more natural to have a similar definition to CC™*
using “ordinary” neighborhoods of e.
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Figure 1: The figure on the left is the compactified space R™ U 0, R™ with half-space
neighborhoods of e. The figure on the right is the compactified space R™ U d,,R™ with
“ordinary” neighborhoods of e.

A basis for these neighborhoods consists of truncated cones. Let v be the geodesic ray
defining e with v(0) = 0. For s > 0, the truncated cone C., s := Coney(y) N H, s where
Coneg(y) is the closed cone of angle 6 := arctan(:) (or 0 = I if s = 0, in which case C,, is
a half-space) with vertex v(0).

In § 2.2, we introduce the idea of p being bounded (n — 1)-connected (or BC™™1) in the
direction e; we sketch it here for n = 1. Denote by Y, ; the largest subgraph of I' contained in
h_l(C’%s). Say that p is BC? in the direction e if there exists so > 0 such that for each s > s,
there exists A(s) > 0 such that any two points u,v € Y, 5 can be joined by a path in Y, ;)
and s — \(s) — oo as s — oco. The new invariant (replacing X1(p)) is Q' (p) := {e € 0. R™|p
is BC? in the direction e}. As in the Y-case, there is a generalization of this for n > 2,
namely Q"(p) := {e € 0, R™|p is BC™! in the direction e}.

The question of invariance of BC"™! is answered in § 2.3. We see that p being BC™ ! in
the direction e depends only on the action p and the direction e, so Q"(p) is an invariant of p.
We compute Q2" for right angled Artin groups in § 2.4. In § 3 we answer the following question:
if p is BC™ ! in a direction, then is p CC™! in that same direction? and conversely? The
complete answer is the following theorem:

Theorem 3.1. The action p is BC™ ! in the direction e € 0,R™ if and only if p is CC™ 1
in all directions of an open 7 -neighborhood of e.

Theorem 1.2 states that ¥"(p) is an open subset of 0,,R™. As a Corollary to Theorem 3.1,
we get that 2"(p) is a closed subset of 0,,R™ (Corollary 3.13).

Given X"(p), we can completely determine Q"(p): for each e € I, ,R™, e € Q"(p) if and
only if the open F-neighborhood of e is in X"(p). However, it is not the case that Q"(p)
completely determines X"(p). For each e € 0,R™, if there exists €' € Q"(p) in the open

Z-neighborhood? of e, then e € ¥"(p), but if Q"(p) N Nyj2(e) = 0, this does not imply that

2Suppose X is a metric space and o > 0. For each z € X, denote by N,(x) := {y € X|d(z,y) < a}.
Denote by B, (x) := {y € X|d(z,y) < a}. For each A C X, denote by N,(A) := {y € X| there exists z € A
such that d(y, z) < a}.



e € (X"(p))¢, the complement of ¥"(p). We use results in [5] to give an example of the latter.

For each a € Z™ C R™, denote by e, the endpoint defined by the geodesic ray through
a with initial point 0. The open hemisphere Ny /s(e,) is called rationally defined. A rational
convex polyhedral subset of 0,,R™ is the intersection of a finite number of rationally defined
hemispheres; a rational polyhedral subset of ,,R™ is the union of a finite number of rational
convex polyhedral subsets. The following is a Theorem of [5]:

Theorem 1.3 Let P be a closed rational polyhedral subset of 05, R™. Then there exists a
finitely presented group G such that P = (XY(G))°.

Therefore, there exists a finitely presented group G such that X'(Gy) is the union of
the open F-neighborhood of the “north pole” e with the open F-neighborhood of the “south
pole” —e (see Figure 2). There also exists a finitely presented group G5 such that 31(Gy) is
only the open Z-neighborhood of the “north pole” e. By Theorem 3.1, Q'(G;) = Q'(Gs) = e,
so we see that 2™ cannot completely determine .

—€

Figure 2: The figure on the left shows X'(G1) in bold. It is the Z-neighborhood of e and the -
neighborhood of —e. The figure on the right shows X'(G2) in bold. It is the Z-neighborhood
of e. Thus, Q'(G) = QY(Gs) =e.

This paper is based on the author’s PhD dissertation written at SUNY-Binghamton under
the direction of Ross Geoghegan.

2 Background, Definitions, and Some Observations

2.1 Controlled (n — 1)-connected

Let e € 0,,R™, and let v be a geodesic ray defining e. Associated to v is the function
By : R™ — R defined by 3,(a) := (ue,a — v(0)) where (-,-) is the Euclidean inner product
and u, is the unit vector (at 0) pointing towards e. For each s € R, let H, , := 37"([s,00)).
Each H, ; is a half-space of R™ whose boundary is perpendicular to .

Suppose that n is a non-negative integer, G is a group of type F,,, and p : G — Transl(R™)
is an action of G on R™ by translations. Following Bieri and Geoghegan in [1], we define
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“controlled (n — 1)-connected” as follows: Pick an n-dimensional (n — 1)-connected CW
complex X on which G acts freely as a group of cell permuting homeomorphisms with G\ X
a finite complex. Choose a G-map h : X — R™ called a control function. Denote by
X, s the largest subcomplex of X lying in h™*(H, ;). The action p is controlled (n — 1)-
connected (or CC™Y) in the direction e if for every s € R and every —1 < p < n — 1,
there exists A = A(s) > 0 such that every map® f : S» — X can be extended to a map
f:BPt — Xy and s — A(s) — oo as s — oo. We call A a lag. The BNSR invariant is
¥"(p) == {e € 0 .R™|p is CC"! in the direction e}.

2.2 Bounded (n — 1)-connected

In the compactified space R™ U J,,R™, the compactified half-spaces play the role of neigh-
borhoods of the point e € 0,,R™ (see Figure 1), but this gives an unsatisfactory topology
to R™ U J,,R™. A basis for a more natural topology consists of “truncated cones”. Let
e € 0,,R™, and let v be a geodesic ray defining e. For each s > 0, the truncated cone (with
respect to ) is C, s := H, ;N Coney(y) where:

1. 0 :=arctan(1) if s > 0 and  := % if s =0, and

S

2. Coney(7) is the closed cone of angle # with vertex at v(0).

The base of the the truncated cone, denoted base(C, ), is the (m — 1)-ball of radius 1 and
center v(s). Denote by Y, ¢ the largest subcomplex of X contained in h~!(C., ;). The action
p is bounded (n — 1)-connected (or BC™')in the direction e if there exists ro > 0 and there
exists a function A : [rg,00) — [0, 00) such that for each r > rq and each —1 <p <n—1,
every map f : P — Y, can be extended to a map f : BP*' — Y., and r — A\(r) — oo
as r — oo. The number rg in the definition will be referred to as the initial base. The new
invariant is Q"(p) := {e € 0., R™|p is BC™ ! in the direction e}.

The following is an equivalent definition of BC™ ! which we provide for the reader’s
information.

Proposition 2.1 An action p is BC™ ! in the direction e if and only if for each s > 0 and
each —1 < p < n —1, there exists t > s such that every map f : S? — Y, can be extended

to a map f: BPT — Y, .

PROOF: For the “only if” direction, let s > 0. Define ¢ := min{r € N|r > ro;r — A(r) > s}.
This set is non-empty since r — A\(r) — oo as 7 — oo. Let =1 < p < n — 1, and let
f:8? =Y, beamap. Wehave C,; u C C, since t —A(t) > 5,50 Y, ; \@) € Ys,s. Thus,
f can be extended to a map f . prtl Yiioae €Y.

For the “if” direction, let ¢ > 0. For each s > 0, define the set T'(s) := {t > s| for
each —1 < p < n—1, every map f : SP — Y., extends to a map f . Brtt - Y, s}

3Throughout this paper, by a map we mean a continuous function



Define t(s) := inf(7(s)) + ¢, and define ry := ¢(0). Let r > rp and —1 < p < n — 1.
There is a number s > 0 such that ¢(s) < r, so let s, := sup{s > 0]t(s) < r} —e. Let
ANr) =r—s.>0and f: S — Y,,. Since s, < sup{s > 0Jt(s) < r}, there exists
s > s, such that ¢(s) < r. Since s > s,, we have t(s) > t(s,). Thus, t(s,) < r. Therefore,
Y, €Y, 4,80 f:SP =Y, CY, s, which extends to a map f :BPHL Y =Y,
We are left to show lim s, = co. Let M > 0. We need to find 7/ > 0 such that for every

r > s. > M. Let v’ := t(M +¢) and let » > r'. s, + & = sup{s > 0|t(s) < r}, so
S, + € > M + ¢ which implies s, > M. O

2.3 Invariance

In this section, we will show that our definition of BC™~! depends only on p and e.

Proposition 2.2 Let hy, hy : X — R™ be G-maps, and suppose p is BC™! in the direction
e with respect to hy. Then p is BC™™ 1 in the direction e with respect to hsy.

PROOF: Since h; and he are G-maps and ¢ € G is an isometry, d(hi(gz), ha(gz)) =
d(ghi(x), gha(x)) = d(hi(z), ha(z)) for all z € X. Since G\ X is a finite CW complex (and
thus, compact), o = sup{d(hi(x), ha(z))|x € X} is finite. Let s > 0. There exists so > s
such that N, (Cy.s,) C C,.. We claim that hy'(C, o) C hy'(C,, ). Indeed, if y € hi'(C,.4,),
then hi(y) € C,4. We have d(hi(y), ha(y)) < o, so he(y) € No(C,s) C Cys. Thus,
y € hy'(C, ) which proves the claim.

There exists tg > sq such that for each —1 <p <n—1, every map f : SP — Y%to extends

to a map f . BPt le,so (here Y’Vl,to will mean Y, ;, with respect to h; and the superscript
2 will denote with respect to h). There exists ¢ > ¢, such that N,(C,,) C C, . For similar
reasons as above, hy'(C¢) C hi'(Chy,). Let =1 <p<n—1land f:S —Y? CY! bea

map. [ extends to f . Brtl Y C Yﬁs. Therefore, BC™! is independent of h. U

750

Lemma 2.3 Let pn > 0 and r > 0 with r* > p> — 1. Then there exists a = a(r, ) > 0 such
that N,(C,,) C C, ,_q, and for fized pi, r — a(r) — oo as r — 00.

: : : (r*+Du
PROOQOF": The required « is T O

Proposition 2.4 Suppose p is BC"! in the direction e with respect to the geodesic Tay
and the G-map h, and suppose the initial base is ro and the lag is A : [rg,00) — [0,00).
Suppose ' defines e with ||y(0) — ~'(0)|| = u. Then p is BC"' in the direction e with
respect to v and h with initial base rj = inf{r|r — a(r,un) > ro} and lag N'(r) = a(r,pu) +
Ar—a(r,p) + a(r —a(r,u) — Xr — a(r, 1)), p) where a is from Lemma 2.3.

PROOF: There exists a translation 7 of R™ such that v =707, Let h = 70 h. For each
x € X, we have ||h(x) — h(x)|| = p. Let ry = inf{r|r — a(r,u) > ro}. Suppose r > r{ and
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f:S" =Y, ,isamap. Ify € hm'(C,,), then h(y) € N, W(Cyr) € Cyya(rpy- Therefore,
hYC.y,) C lAz_l(Cv/,r,a(w)). Let }Af%s denote the largest subcomplex of X contained in
h='(Cys). Thus, f:S” — Yy, C Yy ot
such that f extends to a map f . Bptl )A/%r,a(w),,\. From Lemma 2.3, there exists o/ =
a(r —a(r,u) — A, ) > 0 such that N,(Cyr—ap-r) € Cy r—a(ru)—r—as- For similar reasons
as above, h~ YCy r—atrpy-r) € W HCy r—a(rp)—r—ar). Therefore, f.Brtt }Afv/,r,a(w),,\ C
Yo a(rp)—A—al- We need only show that if » — oo, then r — XN (r) — oo. We have that
r—MN(r)= (r—a( )) A—da/. Asr — o0, (r— (r,u)) — 00, 50 ((r—a(r,pu)) =\ — 0.
Thus, r — N(r) — O

is a map, so there exists A = A\(r —a(r, 1)) >0

Proposition 2.5 BC™ ! is independent of the choice of X.

PROOF: The proof is the same as the proof of CC™~! is independent of X in [1, Theorem 3.3].
UJ

2.4 Q" of right angled Artin groups

Let G be a finite simplicial graph with vertex set V. Associated to G is the graph group
(or right angled Artin group) GG with presentation (V]uv = vu for all u,v € V such that u
and v are adjacent ). Let W := GG/GG" ®z R, and give W an inner product (-,-). Let p
denote the canonical action of GG on W, so ¥"(GG) := ¥"(p) and Q"(GG) := Q"(p). The
set {([v],1) € W|v € V'} forms a basis for W. We will abuse notation and refer to v € V' as
a basis element of W as well as a vertex of G.

In [6], Meier, Meinert, and VanWyk give a complete computation of the ¥-invariants of
GG. We recall that result. Let e € 0,,W. A vertex v is living (with respect to e) if the
directions v and e are perpendicular. Denote by L. the full subgraph of G generated by the
living vertices. The flag complex G induced by G is the simplicial complex formed by filling
in each complete subgraph of G with a simplex. Denote by L. the flag subcomplex of G
induced by L.. A subcomplex L of a simplicial complex K is (—1)-Z-acyclic-dominating if it
is non-empty. For n > 0, L is an n-Z-acyclic-dominating subcomplex of K if for any vertex
v € K — L, the “restricted link” lkp(v) := lk(v) N L is (n — 1)-acyclic and an (n — 1)-Z-
acyclic-dominating subcomplex of the entire link [k(v) in K.

Theorem 2.6 (Meier, Meinert, VanWyk) e € ¥"(GG) if and only if L. is (n — 1)-connected
and an (n — 1)-Z-acyclic-dominating subcomplez of G.

We give a complete computation of the (2-invariants of GG along with a proof that is
independent of Theorem 2.6. A vertex v € V is dominating if v is adjacent to every other
vertex in V. Suppose U C V. Denote by (U) the subspace of W spanned by U. Denote by
S(U) the subsphere 0 (U) of 05, W.

Theorem 2.7 Let G be a finite simplicial graph, and let GG be the induced graph group.
Let U := {vy,..., v} be the set of dominating vertices of G. Then Q*(GG) = S(U) for all
n>1.



We need a lemma.
Lemma 2.8 If G has no dominating vertices, then Q"(GG) =0 for alln > 1.

PROOF: It suffices to show that Q'(GG) = 0. Let e € 9,,W, and let v be the geodesic
ray defining e with 7(0) = 0. Let X be the Cayley graph of GG, and let h : X — W be a
GG-map. Pick v € V such that v is a “non-zero coordinate” of e.

Since G has no dominating vertices, there exists u € V and sy > 0 such that uv # vu and
p(C,s) # ({w,v}) where p : W — ({u,v}) is the natural projection map. The h-preimage of
({u,v}) is the Cayley graph of the free group on two generators F. Since p oy is a geodesic
ray up to reparameteriztion, it defines a point ¢’ € d({u,v}). Since Q'(Fy) = 0, there
exists s; > 0 such that for every ¢ > sy, there exists ,y € Y., which cannot be joined
in Ypo,,s - Although the projection of a truncated cone is not necessarily a truncated cone,
there exists s, > 0 such that p(C.5,) C Chory.s;-

Let t > so. There exists tg > s1 such that Cpoyy, € p(C,4). Therefore, there exists
2,y € Ypory,t, Which cannot be joined in Yo, s, so let zg,yo € Y, be in the p-preimage of
and y respectively where p : X — Xy is the natural projection map with Xy denoting the
subgraph of X generated by U. Then z, and y, cannot be joined by a path in Y, 5, otherwise
the projection of this path would join 2 and y in Yo, . Thus, e € (Q1(GG))“. O

PROOF OF THEOREM 2.7: To show that Q"(GG) C S(U), it suffices to show that
OYGG) € S(U). Suppose e € (S(U))¢, and let v be the geodesic ray defining e with
7(0) = 0. Let a > 0 be the angle between  and (U). There exists sy > 0 such that
arctan(1/sg) < a, so C, 5 N(U) = 0. We have that GG = Z" x H where H has presentation
(V — U|R) with R denoting the set of adjacency relations on V' — U. Let p : W — (U),
pg W — (V —=U), and py : X — Xy_y be the natural projection maps with Xy
denoting the subgraph of X generated by V — U.

The graph associated to H has no dominating vertices, so by Lemma 2.8, we have
QY H) = 0. The geodesic ray (up to reparameterization) py o v defines ¢/ € 9, (V — U).
There exists s; > 0 such that for every t > sy, there exists x,y € Y}, 0+ which cannot
be joined in Y}, oys . There exists s > 0 such that py(C,s,) C Cpyoys:- Let t > 53, s0
there exists ty > s; such that Cp, 0y, € pu(C,t). Therefore, there exists =,y € Y, 014
which cannot be joined in Y}, 0y, so let zg,y0 € Y, be in the py-preimage of x and y
respectively. We have that 2 and yo cannot be joined by a path in Y, 4,, so e € (Q1(GG))".
Thus, Q"(GG) C QY(GG) C S(U).

We now show the reverse containment. Let e € S(U), and let v be the geodesic ray
defining e with (0) = 0. Since GG = Z* x H, we let X be R¥ x X(H) where X (H)
is the CW complex used for H acting on (V' — U). Let s > 0, and let f : SP — Y,
be a map. There exists Fy : BP*' — X(H) extending py o f : SP — X(H). Since
pua(Y,s) = (V — U), there exists b € R* such that py(({b} x X(H))NY,,) 2 Fu(Brt).
Define L : SP x I — X = R* x X(H) by L(z,y) = (1 —y)f(x) + yb,py o f(z)). Since
truncated cones are convex, we have ho L is contained in C, ,, so the image of L is contained
in Y, ;. We see that L(z,0) = f(x) and L(z,1) C ({b} x X(H)) NY,, Thus, there is



an extension of L(SP,1) in Y, ,, and this extension concatenated with L gives the desired
extension of f. O

2.5 Equivalent definitions

In this section we establish some equivalent definitions of BC™~! that will be used in proving
the main theorem.

Lemma 2.9 Suppose p is BC" ! in the direction e with respect to v with initial base ro and
lag \ : [rg,00) — [0,00). Then for each g € G, p is BC™! in the direction e with respect to
gy with the same initial base ro and lag A(r).

PROOF: Let ¢ € G. Since h : X — R™ is a G-map, gh *(C,,,) = h ™' (Cyyrp). Let
r>mrgand f: S? — Y, be amap. Then go'o f : S? — Y, . extends to a map
(g7tof): BP" =Y, , . Themap g(g~to f): B —
O

gvr—A(r) 18 the desired extension.

Proposition 2.10 Suppose p is a cocompact action on R™ by translations. Then p is BC™ ™1
in the direction e if and only if there exists Ry > 0 and there exists A : [Ry, 00) — [0, 00) such
that r — A(r) — o0 as r — oo, and for each r > Ry, for each —1 < p <n—1, and for every
geodesic ray ' defining e, every map f: SP — Y, extends to a map f :BPYE S Y.

PROQF: The “if” direction is obvious.

For the “only if” direction, suppose p is BC"~! in the directio/n e Witl/l respect to v with
initial base ro and lag A : [rg, 00) — [0,00). Define Ry := sup{r] > 0|r] is the initial base
with respect to 7'; 7/(00) = e}. Since p is cocompact, there is a compact set K C R™ such
that v(0) € K and U{gK|g € G} = R™. If o defines e, then there exists g € G such
that v/(0) € gK. Suppose the diameter of K is D, so ] < inf{r|r — a(r, D) > ro} by
Proposition 2.4 and Lemma 2.9. Thus, Ry < inf{r|r — a(r, D) > r¢} < cc.

Let 7 > Ry and —1 < p < n — 1. Define A(r) := sup{\'(r) > O|XY(r) is the lag
with respect to 7'; 7/(0) = e}. By Proposition 2.4 and Lemma 2.9, \”' (r) < a(r, D) + X(r —
a(r,D))+a(r—a(r,D)—A(r—a(r, D)), D). Thus, A(r) < oo, and as r — oo, r —A(r) — oo.

Let +' define e, and let f : S — Y., . be amap. Sincer > Ry > rg,, there exists \?’ (r)>0
such that f: BP*' — Y, . extends f. Since A(r) > AN (r), we have r — A(r) < r— X\ (r),
50 Y, v C Yy, a Therefore, f:Brtt - Y, —a extends f. O

We will later need the BC™ ! definition for the preimage of open truncated cones. Denote

by }3%7“ the largest subcomplex contained in A~ (int(C, ).

Proposition 2.11 Suppose p is a cocompact action. Then p is BC™! in the direction e if
and only if there exists ro > 0 and X : [rg,00) — [0,00) such that r — \(r) — o0 as r — o0,
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and for each r > 1y, for each —1 < p < n —1, and for every geodesic ray v defining e, every

map [ :S? — }S'W extends to a map f : BPTt — }S'W_)\.

PROOF: For the “only if” direction, suppose p is BC™ ! in the direction e. Let ¢ > 0. Let
rog = Ry where Ry is as in Proposition 2.10, and suppose r > rg and —1 < p <n — 1. Then
A(r) := A(r) + € where A(r) is as in Proposition 2.10.

For the “if” direction, let ¢ > 0. Let r > rg and —1 < p < n—1. Define X'(r) := A(r) +¢.
Suppose 7 defines e and f : S — Y, , is a map. Let 7. be the geodesic ray defining e so
that 7.(¢) = v(0). Therefore, C,, C int(C,,,) and int(C,_,_x) C Cy,—n. d

3 The Main Theorem

In this section, we prove our main theorem.

Theorem 3.1 The action p is BC™ ! in the direction e if and only if p is CC" ! in all
directions in an open 3 -neighborhood of e.

In preparation for the “only if” direction (Theorem 3.9), we need to discuss p-selections,
and for the “if” direction (Theorem 3.10), we need to discuss sheaves of maps.

3.1 p-Selections

This section follows the work of E. Michael in [8]. Michael worked with selections (or “0-
selections”), but since we allow lag in our definition of BC™™!, we need to use “u-selections”
where > 0. We will obtain a “u-Selection Theorem” analogous to Michael’s “Selection
Theorem”.

Let B be a topological space and X be a metric space. Denote by 2% — () the set of
all non-empty subsets of X. Given ¢ : B — (2¥ —0) and u > 0, amap f: B — X is a
p-selection for ¢ if f(t) € N,(¢(t)) for each t € B. A 0-selection is what Michael calls a
selection.

The space X is uniformly LC" ! if for every € > 0, there exists § > 0 such that for each
m < n—1, every singular S™ in X of diameter < ¢ bounds a singular B™*! in X of diameter
< E.

Suppose we are given Sy,..., S C (2% — @) and for each 0 < 7 < £ — 1 a bijection
U, : S; — S;y1 such that for every S € S;; S C W,(S). Let S := {(So,...,S0) € Sogx...xS|
for each 0 <4 < ¢ —1,8;41 = ¥;(S;)}. An (¢ + 1)-tuple (S, ...,Se) € S is uniformly LC"!
if for every € > 0, there exists § > 0 such that for each 0 <i < ¢ —1 and each m <n — 1,
every singular S™ in S; of diameter < § bounds a singular B™*! in S;,; of diameter < .
The set S is uniformly equi-LC" ! if each (Sy, ..., S;) € S is uniformly LC" ! with uniform
§ > 0. An (£+1)-tuple (Sy,...,S;) € Sis C"!if for each 0 <4 < ¢—1 and each m < n—1,
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every singular S™ in S; bounds a singular B! in S;,;. A function ¢; : B — S; is lower
semi-continuous (or Ls.c.) if for every open V' C X the set {t € B|p;(t) NV # 0} is open
in B.

Let n be a positive integer, and let £ = n%. Suppose @ : B" — S is given, and for each
1<i <Y @ B" — §; is defined by ¢; := ‘I’z—1 0 ;—1. We assume:

1. X is an n-dimensional, (n — 1)-connected, uniformly LC"™! metric space.
2. § is uniformly equi-LC" 1.
3. Foreach 0 <i </, p;: B" — §; is Ls.c.

4. Each (Sp,...,S) € Sis C" L.
Our p-Selection Theorem is:

Theorem 3.2 Under these hypotheses, let g : S"' — X be a selection for @o|S™t. For
every v > 0, there exists a p-selection f : B" — X for ¢, such that f(t) € N,(g(t)) for
every t € S"L,

To prove Theorem 3.2, we will give a series of seemingly weaker conditions culminating
in the proofs of Propositions 3.4 and 3.5. We start with the following proposition®.

Proposition 3.3 Under these hypotheses, for every pu > 0, there exists a triangulation
K of B" and a map f : K — X such that if o is a simplex of K and t € st(o), then

f(@) € Nulpe(t))-

PROOF THAT PROPOSITION 3.3 = THEOREM 3.2: Let p > 0. Define &' := SU
{(z,...,x)|r € Sy € Sp}. For each 0 <i < /(, define ¢); : B® — S; by ¢;(t) = g(¢t) if t € "1
and 1;(t) = p;(t) otherwise. We check that &’ and each ; satisfy (1)-(4).

Condition (1) is satisfied. For condition (2), since S is uniformly equi-LC" ™!, we have
S’ is uniformly equi-LC"™! with the same () as for S. Condition (3) is satisfied by 7,
Example 1.3*]. For condition (4), since each (Sy,...,S;) € S is C"! and each (z,...,z) is
C™ 1 each (Sp,...,S)) € 8 is CmL.

By Proposition 3.3, there is a triangulation K of B™ and a map f : K — X such that
if o is a simplex of K and ¢ € st(o), then f(o) C N,(¢(t)). Let t € B”, so t €0 for some
simplex o which implies t € st(o). Thus, f(¢) € f(o) C N,(Ye(t)) € Nu(pe(t)), so f is a
p-selection for @,. If ¢t € S*1 then f(t) € Nu(ve(t)) = Nu(g(t)). O

Proposition 3.4 Assume Condition (3). For every a > 0, there exists a triangulation K
of B" and a map f: K° — X such that if v € K° and t € st(v), then f(v) € Nu(po(t)).

4For each simplex o of a simplicial complex, the star of o, denoted St(c), is the subcomplex generated
by all the simplices containing o. The open star of o, denoted st(o), is the interior of St(o).
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It will be useful to have the following definition. Let v > 0, let 0 < i < n —1, let K
be a triangulation of B, and let f : K* — X be a map. Then K and f have type (v,1) if
whenever ¢ is a simplex of K and t € st(o), then f(oc N K") C N, (pi(t)).

Proposition 3.5 Under the same hypotheses, for every p > 0, there exists a(p) > 0 such
that if for each 0 < i < n — 1, the triangulation K of B™ and the map f : K* — X have
type (1), then there exists a triangulation L of B™ and a map g : L'™ — X having type

(u,i41).

PROOF THAT PROPOSITIONS 3.4 AND 3.5 = PROPOSITION 3.3: Let p > 0. Assume
without loss of generality that a(u) < p for all 4 > 0 in Proposition 3.5. Let o9 (u) := p
and a® (1) == a(a®(u)). By Proposition 3.4, there is a triangulation K, of B" and a
map fo : (Ky)® — X such that if v € (K)? and t € st(v), then fo(v) € Ny (¢o(t)). Suppose
o is a simplex of Ky and ¢ € st(o), we have fo(o N (Kp)°?) C N,m (po(t)) since t € st(o)
implies ¢ € st(v) for each vertex v of o.

By induction, for each 0 < ¢ < n, there is a triangulation K; of B™ and a map f; :
(K;)" — X such that whenever o is a simplex of K; and ¢ € st(o), then fi(o N (K;)") C
N (pin(t)). Let K := K,, and f := f,. Suppose ¢ is a simplex of K and ¢ € st(o), then
flo)=fleNK)C N,(pet)). O

PROOF OF PROPOSITION 3.4: Given Condition (3) and o > 0. For each t € B", pick
xy € o(t). Let Uy := {t' € B"|po(t') N Ny(x¢) # 0}. Since ¢y is Ls.c., U; is open in B™, so
U := {U,|t € B"} is an open cover of B". Therefore, B" has a triangulation K that is finer®
than U. For each vertex v, pick ¢, € B" so that st(v) C Uy, and let f(v) :=x;,. Let v € K°
and t' € st(v), so t' € U;,. Therefore, ¢o(t') N Ny(zy,) # 0, so zy, = f(v) € No(po(t')). O

Before we prove Proposition 3.5, we need three lemmas.

Lemma 3.6 Suppose X is uniformly LC" ™' and g : S"™' — X is a map. For every u > 0,
there exists v(n) > 0 such that for every map f : S ' — X with f(t) € N,(g(t)) for all
t € S"1, there exists a homotopy H : S"'x I — X from g to f such that H(t,s) € N,(g(t))
for each t € S" ' and each s € 1I.

PROOF: This holds because X is uniformly LC"!. O

Lemma 3.7 Given Condition (1). Let (S;,. .., Snyi—1) be uniformly LC"~'. Then for every
v > 0, there exists k(y) > 0 such that if k : S™ — N,(S;)(m < n —1) is a map, then there
exists a map f: S™ — Spyi—1 such that f(t) € N,(k(t)) for each t € S™.

PROOF": By induction, for every v > 0, there exists v(y) > 0 such that if K is a simplicial
complex of dimension < n — 1 and u : K — S; is such that diam(u(oc N K°)) < v for each

A triangulation K is finer than an open cover U if for each vertex v of K, there exists U € U such that
st(v) CU
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simplex o of K, then u can be extended to a map f : K — S,.;,_1 with diam(f(0)) < 7.

Without loss of generality, assume v(y) <. Let x(7) := tv(37).

Cover S™ by open sets whose images under k£ have diameter < x. Then S™ has a

triangulation L that is finer than this cover, so diam(k(st(v))) < x for each vertex v. For
each v € L) pick ¢, € st(v) and u(v) € S; so that d(u(v), k(t,)) < k.

Suppose vi,v; € LY with v; and v, are joined by an edge. Then d(u(vi),u(vs)) <
d(u(vr), k(ty,)) + d(k(tw,), k(tu,)) + d(k(te,), u(vs)) < k + 26 + Kk = v(37). Thus, there is a
map [ : L — S,y with diam(f(0)) < 37. Let t € S™, so t € st(v) for some v € L.
Therefore, d(f(t), k(t)) < d(f(t), f(v)) +d(f(v), k(t,)) + d(k(t,), k(t)) < 37+ K+ kK <v. O

Lemma 3.8 Given Condition (1). Let (S;,...,Snyi) be uniformly LC"™ and C"~'. Then
for every p > 0, there exists a(p) > 0 such that for each m < n — 1, every map k : S™ —
No(S;) is homotopic in N, (Sy4:) to a constant map.

PROOF': Let x be as in Lemma 3.7 and v be as in Lemma 3.6. Without loss of generality,
assume v(p) < p for all 4 > 0. Let a(p) := k(v(p)), and let k : S™ — N, (S;) be a map.
By Lemma 3.7, there exists a map f : S™ — S,4;_1 such that f(t) € Ny (k(t)) for all
t € S™. By Lemma 3.6, there exists a homotopy h; between k and f such that the image of
hy is contained in N,(f(S™)). Since (Si, ..., Snyi) is C*1, f is homotopic via a map hy to
a constant map over a subset of S,,,;. Combining h; and hy, we get a homotopy h between
k and a constant map over a subset of N, (S,+;). O

PROOF OF PROPOSITION 3.5: Let a(u) be as in Lemma 3.8. Without loss of generality,
assume a(p) < p for all g > 0. Suppose 0 < i < n — 1, and suppose K and f have type

(o, ).

For each ¢ € B™ and each simplex o of K™ with ¢ € st(o), define f;, : 0 — X by:

1. if dim(o) <, then f;, = fl,.

2. if dim(o) = ¢ + 1, then f;, is a continuous extension of f
Nu(@(i+1)n(t)) (this is possible by Lemma 3.8).

o such that f;,(0) C

Let Wy, := {t' € B"|fi0(0) C Nu(@@+1n(t'))}. Thus, t € Wy,, and by [8, Lemma 11.3],
Wi, is open in B™. Let W, := ﬂ{VVt,g|t € st(o)}, let M, := ﬂ{ st(u)|t € st(u)}, and let
R, == W, N M,;. By [8, Lemma 11.4], for each t € B", there is a neighborhood T; C R,
of t and there exists ¢/ € B™ such that if ﬂTtﬁ # (), then UTtﬁ C ﬂR%. The cover
U = {T;|t € B"} is an open cover of B" so B" has a triangulation L finer than U.

For each v € L°, pick t, € B"™ such that st(v) C T;,, and pick u, € K° such that #/ €
st(uy). Therefore, st(v) € T,, € Ry C My C st(u,), so we have a map v ~ u,. This
map can be extended naturally to a simplicial map 7 : L' — K" since given 7 with vertices
V1, ..., Uk, we have ﬂ{st(vj)ﬂ < j <k} #0. Thus, ﬂ{st(uvj)ﬂ < j < k} # 0 which means

that w,,,...,u,, are the vertices of a simplex. Define w := f o .

k
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We will define g as an extension of w to L. To do so, we need only consider (i + 1)-
simplices of L. Let o be an (i + 1)-simplex of L with vertices v, ..., v;12 and denote t,, by

ty. Then [ {T,, 1 <j<i+2} D {st(w)l <j<i+2}#0,s0t, €Ty, S Ry |1 <
: J

j<i+2}C ﬂ{st(uvj)ﬂ < j < i+ 2}. Therefore, ¢, is in the intersection of the stars of

the vertices of (), so t, € st(m(0)). We extend wl|s to g, : 0 — X by g, := fi, x(s) © 7, 50

g: L' — X is defined by ¢, = g,.

We need to show if 7 is a simplex of L and ¢’ € st(7), then g(7NL™) C N, (p+1)a(t')).
To do this, it suffices to show that if o is a simplex of L™ and ¢ € st(o), then g(o) C
N (@(i+1)n(t)). Suppose o has vertices vy, ..., vy, 50t € m{st(vj)ﬂ <J <k} C M {st(uy,)|1 <
Jj <k} If dim(o) < 4, then dim(n(0)) < 4, so g(0) = fi, x@o) 0 m(o) = fom(o) C
No(@in(t)) € Nu(@@s+1)n(t)). Now suppose dim(o) = i+ 1. Since ¢t € st(o), we have t €
st(v;) for each 1 < j < k,sot € st(v)) €T, C Ry, €Wy, €Wy () with the last inclusion
holding since t, € st(m(o)) from above. Thus, g(0) = fi, #(e) © () C Nu(@(s1)n(t)). O

3.2 The “only if”’ direction

We have an n-dimensional, (n — 1)-connected, free G-CW complex Y with G\Y finite, but
we wish to use a simplicial complex instead of a CW complex. It is well-known that given Y,
there is an n-dimensional, (n — 1)-connected, free G-simplicial complex X with G\ X finite.
Let A : X — R™ be a G-map.

Define the metric d’ on X by d'(z,y) := max{d(z,y), |h(z) —h(y)||} where d is the length
metric on X.

With the metric ', G acts on X freely and properly by isometries. Give G\ X the induced
metric d. Then p: X — G\ X is a local isometry.

We are given p > 0. We wish to triangulate X so that each simplex ¢ has diameter < pu.
Let o > 0 be as in the definition of local isometry, and let ¢ := min{y, a}. Cover G\ X with
U = {Ns(z)|x € G\X}. There is a triangulation K of G\X finer than /. Lift this to a

triangulation K of X; then for each simplex o of K, diam(c) < .

Theorem 3.9 If p is BC"! in the direction e € 0,,R™, then p is CC™ ' in all directions
which are in an open 5 -neighborhood of e.

PROOF: Let p be BC™! in the direction e € 9,,R™ and let €’ be in the Z-neighborhood
of e with Z(e,e') = 8 < §. Let 7' be a geodesic ray defining €', and let 1 > 0. Choose an
n-dimensional, (n — 1)-connected, free G-simplicial complex X with G\ X finite, and choose
a G-map h : X — R™. Suppose X has the metric d’ described above, and suppose X is
subdivided so that diam(c) < pu for each simplex 0. Let ¢ > 0, let £ := n? and let v(u) be
as in Lemma 3.6 (without loss of generality, assume v(u) < u for every p > 0).

Since p is BC™ ! in the direction e, there exists ry > 0 and a function A : [rg, 00) — [0, c0)
such that r —A(r) — oo as r — oo, and for each —1 < p < n—1 and for every geodesic ray -y

defining e, every map f : S? — }S'%T extends to a map f : Brtl — }S'%T_,\. Since r — A(1) —
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oo, there exists Ry_1 > 1o such that R,y — A(Ry—1) > tan(3). Let Ry := Ry_1 — AM(Re—1).
Similarly, we can find Ry_o, ..., Ry such that for each 0 <i < ¢—2, R; — A(r;) > r;41. Thus,
RQ ZRl Z ZR@ Let )\I:1+R0—Rg+2/$+€

Let H, ; be a half-space, =1 < p <n—1, and f: S — X, be a map. Since H
is contractible, we can extend ho f to a map F : BP*' — H, .. For each a € F(BPt),
define 7, to be the geodesic ray defining e with ~,(Ry + €) = a. For each 0 < j < ¢, define

S = {?RM& la € F(BP*H)}. For each 0 < j < ¢, define ¢; : BP™ — S; by ¢;(t) ::}3%3].
where F(t) = a.

Each CO’%RZ C Hys—xt2u- To see this, let y € base((j*%Rz) and let ¢ be the center of
base((?*%ﬂé). We know that H. ;N 7,([0,00)) = 74([t,00)) for some t < Ry + . Thus,
Ay, Hy o) < d(y, (1)) < d(y,c) + d(e,7a(t)) < 1+t — Ry < N =24, 50 base(Cy, n,) €

(

H. s_yy2,. We also know that R, > tan(3), so arctan (%{) < arctan <m> =I5

Therefore, the angle of CO’%RZ is less than 7 — 3, so this fact together with base(co'%Re) C
H. s_x4o, implies that CO’%RZ C Hys_yio,. Thus, }S'%RZQ X sontou- Let N(s) = N.
Since A" was chosen independently from s, we have s — N'(s) — oo as s — oc.

We now check the hypotheses of Theorem 3.2 for the simplicial complex X, the maps
i BT — S, the set S = {(Vou Ry -5 Yours) € (Sos---,Se)|a € F(BPT)}, and each
(Y’Ya,Rov s ’Y%,Rz) €Ss.

The simplicial complex X is uniformly LC"™! (with respect to d') since G\ X is finite
and p : X — G\X is a local isometry. Therefore, X satisfies condition (1). To see that
each ¢; is l.s.c., let V be open in X, and suppose ¢;(t) NV # 0 for some t € BP™!. Since
h(V N (1)) C}g%ﬂi and }3%& is open, for every b € h(V N ¢;(t)), the distance from b to
the boundary of }S'%,Ri is positive. Pick b € h(V N;(t)) and let D > 0 be the distance from
b to the boundary of }37a7Ri’ Let U := F7'(Np2(F(t))) and let ¢ € U. Then ¢;(t') :)37{1,5’.1-

where a’ = F(t'). Since }3%/1,32. is a translation of }3%32., we have b 613%731, so VNpi(t) # 0,
hence ¢; is a Ls.c. function. Thus, condition (2) is satisfied. Since G acts on X freely and
properly by isometries, S is a uniformly equi-LC" ™!, and condition (3) is satisfied. Clearly
Condition (4) is satisfied.

By Theorem 3.2, there exists a v-selection g for ¢, such that g(t) € N,(f(t)) for each
t € SP. By Lemma 3.6, there is a homotopy H : SP x I — X such that H(t,s) € N,(f(t)) for
each t € SP and each s € I. This homotopy and the v-selection give an extension f of f such
that for each z € f(B”*"), € N,(X, 4_x424). Therefore, for each z € f(BP*!), we have
h(xz) € N,(Hy s—x12,). Therefore, ho f(Bp“) C Hy s nip, SO f(Bp“) Ch  (Hy s nip)
However, since each simplex of X has diameter < p, the largest subcomplex X./ _\ of
h=Y(H, .y ) contains N,(h™"(H, ,_x,)) Thus, f(B*) C X,/ . O
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3.3 Sheaves of maps

In this section, we review sheaves of maps and some related ideas as discussed in [1, Chap-
ters 4, 13, and 14]. Let X and Y be CW-complexes. A sheaf (of maps) F : X ~» Y is a set
F of cellular maps f : f(D) — Y with domain D(f), a finite subcomplex of X, satisfying
the following axioms:

1. F contains the empty map.
2. If f € F and if K is a finite subcomplex of D(f), then f|x is also in F.

3. If f, f' € F and they agree on the intersection of their domains, then fU f': D(f)U
d(f') = Yisin F.

If K is a subcomplex of X, then F|K denotes the sheaf consisting of all restrictions of
maps in F to subcomplexes of K. Given a cellular map ¢ : X — Y. Denote by Res(¢) the
set of all restrictions of ¢ to the finite subcomplexes of X. A cross section of a sheaf F is a
cellular map ¢ : X — Y whose sheaf Res(¢) is a subsheaf of F. A sheaf F is homotopically
closed if for each f € F and each finite subcomplex K D D(f), there exists f € F such that

D(f) = K and f|p(;) = f.

Now suppose X and Y are G-CW complexes. Then G acts on the set of all cellular maps
¢ : K — Y with K a subcomplex of X by g¢ is the map with domain D(g¢) = gK and
(9¢)(x) = god(g'x) for each € gK. A G-sheaf is a sheaf that is closed under this action.
A sheaf F is locally finite if for each finite subcomplex K of X, the restriction F| is a finite
set of maps. A cellular map ¢ : X — Y is G-finitary if ¢ is a cross section of a locally finite

G-sheal F: X ~ Y.

Suppose G is acting on R™ by translations, and suppose X and h : X — R™ are as in
§2.1. Given amap f : D(f) — X with D(f) a subcomplex of X. Define ay : D(f) — [0, 00)
by af(x) := d(h(x), hf(x)). Define the norm of f to be || f|| := sup{as(x)|x € D(f)}. The
norm || f|| may be infinite if D(f) is not finite. The map f is bounded if ||f]] < oo. If
¢ is the empty map, then put [|¢|| = 0. Let F : X ~» X is a locally finite sheaf, and
let D(F) denote the union of all domains D(f), f € F. Define ar : D(F) — [0,00) by
ar(z) :=sup{as(x)|f € F}, and define || F|| := sup{az(z)|z € D(F)}. Again, F is bounded
if || F|| < oo.

The shift of f towards e € 0x,R™ is the function shy. : D(f) — R defined by shy.(z) :=
Byhf(x) — Byh(x) where v is a geodesic ray defining e and 3, is defined in § 2.1. The shift
is independent of the choice of 7, and |shy.(x)| < ay(z). The guaranteed shift towards e is
gshe(f) == inf{shs.(x)|z € D(f)}. For each g € G, we have gsh.(gf) = gshe(f). A cellular
map ¢ : X — X is a contraction towards e if gshe(¢p) > 0.

Suppose F : X ~» X is a locally finite homotopically closed G-sheaf. Given a cell o
of X, the mazimal guaranteed vertex shift on o is p.(F|o) := max{gsh.(f)|f € F,D(f) =
C(0)°} where C(o) is the carrier® of 0. The defect of F towards e on o is d.(F|o) :=

6The carrier of a simplex ¢ is the smallest subcomplex of X containing o
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max{min{gsh.(f) — gshe(f)‘D(f) = C(0), f extends f}‘D(f) = C(0)}. The total defect of
F towards e on o is 6.(F|o) = Z max{d.(F|7)|7 is a j-cell of C(0);1 < j < dim(o)}.

3.4 The “if” direction

In this section we prove the “if” direction of Theorem 3.1 which is the following:
Theorem 3.10 If p is CC™ ! in all directions in an open Z-neighborhood of e, then p is
BC™ ! in the direction e.

We need:

Lemma 3.11 Let € > 0, let E be a closed subset of 0,,R™, let F be a locally finite homo-
topically closed G-sheaf, and let X be an n-dimensional, (n — 1)-connected free G-simplicial
complex with G\X finite. For each e € E, there exists an open neighborhood N of e such
that for every simplex o of X, if ¢ € F with shy.(x) > ¢ for all x € o, then for each e’ € N,
shge () > 5 forallz € 0.

PROOF: Suppose e € E and R := [|F|| <1 + %) +e. Let N = {e € 0., R™ZL(e,€)
< 2arcsin (é)} Let o be a simplex of X, and suppose ¢ € F with shd),e(x) > ¢ for all
x € 0. Let ¢ € N, and suppose v and 7' are geodesic rays defining e and €' respectively.
By Euclidean geometry, d(y(R),~'(R)) = 2Rsin < ) Applying [1, Lemma 13.5] (with

¢ replacing ¢ and r = [[¢||), we get that for each # € o and each p € Byy(h()), |8,(p) —

By ()| < 5 +d(y(R),7'(R)). Thus, [shy () = shee(z)] = |8y 0 ho¢(x) = By o hog(z)| <
£+ R =%, Therefore, shy o (z) > £. O

PROOF OF THEOREM 3.10: Let e € 0,R™, let X be an n-dimensional, (n — 1)-connected
free G-simplicial complex with G\ X finite, and let h : X — R™ be a G-map. Suppose p is
CC™ ! in all directions in an open Z-neighborhood of e. Let 7 > 0 and v be a geodesic ray
defining e. Define 7 : (R™ — C,,) — 0xR™ as follows: for each a € R™ — (., ,, there is a
unique closest point b € C., .. Let v, be the unique geodesic ray with 7,(0) = a and v,(t) = b
for some ¢t > 0. Then 7(a) := v,(c0). The set E' = 7n(R™ — C,,,) is a closed subset of 0, R™
which is contained in the open F-neighborhood of e (see Figure 3).

By [1, Theorem 14.5], there is a locally finite homotopically closed G-sheaf F : X ~» X
and £ > 0 such that p.(Flo) — d(F|o) > e for each simplex o of X and each ¢’ € E. Let
F be the G-sheaf generated by F and id: X — X. Therefore, po(F|o) — 0o (F|o) > € for
each simplex o of X and each ¢ € E. Use the neighborhoods N in Lemma 3.11 to cover
E. Therefore, there is a finite set {e1,...,ex} C E such that for each ¢’ € F, there exists
1 < j < k such that for every simplex o of X, if ¢ € F with shg.e;(x) > € for all x € o, then
shge(x) > 5 for all z € 0.

Since G\ X is finite, there are a finite number of orbits of vertices. Let uy, ..., u,, denote
the representatives of these orbits. Let u € {us,...,un}, and let e; € {ey,...,ex}. We will
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Figure 3: The map 7 : (R™ — C.,,) — 0-xR™ maps Region I in R™ to the point 1 in 0,,R™,
it maps Region II to the point 2, and it maps Region I1I to the point 3 (which is e). It maps
Region IV continuously (following the arrow) onto Region 4 in 0,,R™ (following the arrow),
and it maps Region V continuously onto Region 5.

now construct a map ¢ : X — X with shy, () > fie, (Flo) — de; (Flo) for each simplex
o of St(u) and each z € o. For each vertex v € (St(u))°, choose f, € F with v = D(f,)
and shy, ., (v) = gshe,(fo) = e, (F|{v}). Define ¢ : X0 — X° by ¢)(v) = f,(v) if
v € (St(u))? and ¢ (v) = v otherwise. Therefore, gshe, (¢)|K®) = fie, (F|K®) for all finite
subcomplexes K° of (St(u))°.

Assume for k > 1 that ¢y : X511 — X*1 has been constructed. Let o be a k-
simplex of X. If ¢-1)|s = id, then define ¢()|, = id. Otherwise, extend ¢-1) to o by
fio— X with gshe,(f) > gshe,(dg_1)| 0) — de,(Flo). Thus, ¢u) : XX — X* has the
property that for each finite subcomplex K C (St(u))*, gshe,(¢uw)|K) > gshe,(du)K N
XF1) — max{dL, (Flo)|o is a k-simplex of K}. By induction on k > 1, gshe,(du|K) >
fhe; (F|K?) — Z max{d,,(Fl|o)|o is a j-simplex of K;1 < j < k}. Therefore, there is a map
¢ : X — X such that shg. (z) > fie, (Flo) — de, (Fl|o) for each simplex o of St(u) and each
T Eo.

Given u € {uq,...,uy,} and ¢’ € E, let 4/ be the geodesic ray defining e’ with 7/(0) = u.
Define (Sot(u));r, = St(u) N B;,l([O, 00)). Given s,t € R with s <, let Hy s, = 5;,1([3,15]),
and let X (s, denote the largest subcomplex of X contained in hfl(H%[S,ﬂ). Since there
are a finite number of orbits of vertices and a finite set {ej, ..., e}, there is a finite number

of maps {¢1,...,¢,} constructed as above. Thus, there exists o < 7 and there exists § > ¢
such that for each ¢/ € E and each u; € {uy,...,u,}, there exists ¢, : X — X such that for

each simplex o in (St(u))7,, ¢(0) Q)O(W/,[E/&(ﬂ ND(a,v') where D(a,v') := h™ ' (Conen (7).
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Let n = 2 sec?(a). There exists A > 0 such that N,(C,,) C C,,_. Let f:S? =Y, be
a map. Since p is CC™ ! in the direction e, there is an extension f : B! — Xy Let K
be the smallest subcomplex of X containing f (Bp+1) Let v € K° be a vertex with maximal
distance from C, ,, let gu; = v for some g € G and w; € {wy,...,un}, and let a € C,, be
the closest point in C,,, to v. Apply Lemma 3.12, below, to get (g9~ ") o f. Proceed by
induction to obtain f - Bptl Y, »—x which is the desired extension. O

It remains to prove:

Lemma 3.12 Leta € R™, and let v € X° with d(h(v),a) > $sec?(a). Let ' be the geodesic

ray starting at h(v) that passes through a, and let e’ = +'(00). Let o be a simplex of (St(v));L,,
let ¢or € {d1,...,Pp} such that ¢i(o) Q)O(V/,[E/gﬂ ND(a,v'), and let gu; = v for some g € G
and u; € {uy, ..., up}. Then every x € go(g o) satisfies d(h(x),a) < d(h(v),a).

PROOF: Let d(a, h(v)) = £ > $sec?(a), so —26¢ < —28% sec*(ar). Let y = & tan(a), so

R =./({—06)*+y?
= /(2 — 250 + 6% + 62 tan?(a)
= /02 — 250 + 6% sec?(a)
< \/62 62 sec?(a) + 6% sec?(wv)

Therefore, b € Ny(g~'a) and h(u;) € By(g~'a) (see Figure 4), so the line segment from b to
h(u;) is contained in By(g'a). It follows that h()c()rgfl,y/’[e/gy(g] ND(a, gv')) € Ny(g~'a). Since

each g € G is a translation, we have h(§7/7[5/37(§] ND(a,~")) € Ny(a). Thus, if z € gd:(g o),
then d(h(x),a) < d(h(v),a). O

g7 (a) b)) = g ()

E B

Figure 4: h(Xg_1 1 1es3.0) ND (o, g™ ”y ’)) is contained in the triangle on the right. Thus, if
b € Ny(g'a), then by convexity, h(ngl,y/’[E/gy(g] ND(a, g7 'v")) C Ny(g~ta).

Corollary 3.13 The set Q"(p) is a closed subset of O, R™.

PROOF: Suppose e € (2"(p))°. Then by Theorem 3.1, there exists € in the open
neighborhood of e such that e’ € (£"(p))¢. This implies that p is not BC™! in any direction
in an open 7-neighborhood of €', so this neighborhood is contained in (©2"(p))¢. Since e is

in the F-neighborhood of ¢/, we have found an open neighborhood of e that is contained in
(€ (p))". [

s
2
on
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